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ABSTRACT

During the past decade, there have been a large number
of papers studying high speed telecommunication network
traffic modeling problem and a lot of traffic models have
been proposed in the literature. Among them, the pseudo
self-similar Markov models are of particular importance. In
this paper, we propose an extension to the pseudo self-
similar Markov models and Markov modulated Poisson pro-
cess models are used. To capture the similarity property, the
modulating Markov processes are assumed to have multiple-
time scales, and at different time scales they are statistically
similar. An extended EM algorithm is proposed to fit the
model. To illustrate the usefulness of the proposed model,
some preliminary experimental results are presented.

Categories and Subject Descriptors
C.2.5 [Local and Wide-Area Networks]: Internet

General Terms
Internet Traffic

Keywords

Internet traffic, self-similar process, Markov modulated Pois-
son process, EM algorithm

1. INTRODUCTION

In [4], Leland, Taqqu, Willinger and Wilson reported the
self-similarity property of Ethernet traffic, which has had a
profound effect on the area of high speed telecommunication
network performance modeling. Since then, an explosion of
work has ensued investigating the multifaceted nature of
this phenomenon and a lot of models have been proposed.
For more information about this area, we refer the reader
to Willinger, Taqqu and Erramilli [11], which provides a
comprehensive survey of the literature before 1996.
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Among various models, the pseudo self-similar traffic model
proposed by Robert and Le Boundec [8] is of special impor-
tance because of its simplicity. Their model is characterized
by a discrete-time Markov chain, which requires only three
parameters and can describe a wide range of self-similar be-
havior. They assume that the input process can be in one
of n states. When in state 1, a single arrival occurs with
probability 1. In all other states, no arrival occurs. The
Markov chain governing the changes between states of the
input process is such that transitions are made from state 1
to all states, and also from all states to state 1, but not be-
tween arbitrary states. The transition matrix of the Markov
chain is given by

eql %q a.L2 a’”l_l
a 0 1-2 .. 0
a? a? (1)
5000 0 e 1-L85
where e =1—1/a —1/a* —--- —1/a™".

The above model is reported to work very well to model
real systems. In this model, the underlying Markov chain
has only one ‘ON’ state and many ‘OFF’ states. In this
case, the duration of the 'ON’ time is still geometrically dis-
tributed, which is not heavy-tailed. Since the underlying
Markov chain has more than one ‘OFF’ state, the ‘OFF’
duration is not geometrically distributed, which may have
long-memory. As pointed out in [6] in practice it is of more
importance for the ‘ON’ duration to be heavy-tailed. In
the literature of telecommunication network traffic model-
ing, many Markov-modulated Poisson process models have
been studied by [7, 10, 12] and references therein. In this pa-
per, we use Markov modulated Poisson processes to model
the traffic, in which the underlying modulating processes
have many ’ON’ states and only one ’OFF’ state. The mod-
ulating Markov process has many time scales. At different
time scales, the subsystems have statistically similar charac-
teristics. Since the state of the underlying Markov process
is not observable, the proposed model is actually a hidden
Markov model. So, the maximum likelihood approaches are
used to fit the model. In practice, the state of the underlying
Markov process is not accessible. So, we treat the sampled
data as incomplete data and the EM algorithm is used to
fit the system parameters. The rest of this paper is orga-
nized as follows: Section 2 gives some general description
of self-similar processes. Section 3 provides a discrete-time
model and gives two parameter fitting algorithms. Section
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4 addresses the continuous-time model. Section 5 concludes
the paper.

Then, if we define an augmented stochastic process

a; = (ro(t),r1(t), -+ ,rm(?)),

2. SELF-SIMILARSTOCHASTICPROCESSES then a; is also a Markov chain with state space § = {0,1}(™*+1),

Roughly speaking, a system is said to be self-similar if it
behaves alike viewed at different time scales.

DEFINITION 2.1. Stochastic process X = {Xy,t > 0} is
said to be self-similar with Hurst parameter H (0 < H < 1)
if for alla > 0 and t > 0, the following holds

X(t) £ a " X(at) (2)
that is, X (at) and a™ X (t) have the same distribution.

However, in practice for a given stochastic process it is
very hard to check that (2) holds. So, we turn to consider
the second-order properties of self-similar processes. To this
end, let us give some definitions.

Function g(z) is said to be slowly varying at infinity if the
following holds for any a > 0

lim 292 _ 4. (3)

e—oo g(x)
Let Y = {y:,t > 0} be a second-order stationary process
with the variance o®. Tts auto-correlation function (k) is
defined by

n(h) = S tias), (4)

DEFINITION 2.2. Stochastic processY is said to be second-
order self-similar with Hurst parameter H =1 — 3/2 if

k) = 2 {4 KT L (k1) (s)

DEFINITION 2.3. For stationary stochastic process Y, let
its auto-correlation function vy (k) be defined by (4). Process
Y is said to be asymptotically second-order self-similar with
Hurst parameter H=1— /2 if

Var(Y(m)) = g(m)ym™"
where g(-) is a slowly varying function.

Stochastic process Y is said to have long-range depen-
dence if > 77, |7y (k)| = oo, or short-range dependence oth-
erwise. From the definition of self-similarity and long-range
dependence, it is easy to conclude that there are some self-
similar processes that are not long-range dependent, and
vice versa. However, in the case of asymptotic second-order
self-similarity, by the restriction 1/2 < H < 1 in the defini-
tions, self-similarity and long-range dependence are equiva-
lent.

3. DISCRETE TIME MODEL

3.1 Discrete time model description

Consider m + 1 independent Markov chains {r;(t),t =
0,1,2,---},0 <4 < m with the same state space {0,1}. We
assume that Markov chain r;(¢) has state transition matrix

o 1 —pei pei
PZ_( get 1—gqet |-

For ease of manipulation, we define r; to be the integer value
of the binary vector a;. Then, {r:} is a Markov process with
state space {0,1,---, M}, where M = 2™*! — 1. In order
to define the state transition probability matrix of {r:}, we
need the notion of Kronecker product.

Let A = (aij) € R™*™ and B = (bkl) € R*** be two
matrices. The Kronecker product of A and B, denoted by
A ® B, is defined by

a11B  a12B a1, B

anB a2B a2 B
AR B= . . .

am1B am2B amnB

Kronecker product has the following property (see [2])

PROPERTY 3.1. Let A, B,C and D be four matrices with
appropriate dimensions, then

(A® B)(C ® D) = (AC) ® (BD) (6)

With the above notations, it is easy to check that the
transition probability matrix of {r:}, P € [0,1]¥*M can be
given by

P=PQPi® -QP, (7)

A row probability distribution vector w, satisfying (i) >
0 and Ef\io () = 1, is said to be the stationary distribution
of {r;} (or P) if

TP=m (8)
Using the property (6), we have

o (

T= —————
prgm TP
®(m+1) : th

where (¢ p) designates the (m + 1)*" Kronecker
power of vector ( q p ) In fact, by direct computation we
find that the transition probability matrices Py, Pi,- -+ , Pp,
have the same stationary distribution u = p_}_q ( q p ),
that is,

) ®(m+1) , (9)

uP;, =u,i=0,1,---,m (10)
which combined with the property (6) yields
m41
u®™ P (@R WP ® P @ ® P)
—(uPy) ®--- @ (uPp)
=u® - @u=u®™ (11)
m+1

which proves 7 = u®™+1),
For each 4,0 < i < M, let (40,41, - ,%m) be the binary
expression of the integer ¢, then we define

(i) =40 +41 +++++im (12)

We assume that £(z) is a Poisson process with arrival rate
given by o(i)A where X is a positive constant, specifying the
packet arrival rate at a specific time scale.
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Figure 1: Simulated Traffic

Let z; denote the number of packets arrived during the
tth time slot. We assume the following model for z;

2y = { o(re) +n(r@t)), ifr)#0
0, otherwise

REMARK 3.1. Note that in this model o(rs) denotes the
number of subsystems that are in state ‘ON’. And, n(r:)
represents the sum of o(ry) independent Poisson processes
with arrival rate A.

(13)

In this model, there are five parameters: p,q, ¢, A, and m.
By the Markov property, the ‘ON’ duration of Markov chain
ri(t) has geometric distribution with parameter ge’. If we
assume the arrival rate is A\, then at each burst the mean
number of packets arrived is q—i;. Therefore, r;(t) viewed at

the time scale te?, looks like 7o(t) at time scale ¢.

3.2 Self-Similarity Testing

In the last subsection, a pseudo self-similar process model

is proposed. Next, we proceed to addressing the self-similarity

of the model. For this purpose, let us first see an example.

EXAMPLE 3.1. Let us consider a system consisting of 4
levels, with parameters given as follows: p = 0.5,q9 = 0.8, =
0.1, A = 1. With this set of data, a sample path with length
10000 s generated. The simulated sample path is plotted in
Figure 1.

We are interested in viewing the system behaviors at dif-
ferent time scales. To this end, let us define two aggregated
processes

tx10

>

k=(t—1)*10+1

The first 100 terms of y1(t) and y2(t) are plotted in Figure
2.

100t

>

k=100(t—1)+1

yi(t) = yt, y2(t) =

From Figure 1 and Figure 2, we cannot declare that the
simulated traffic is self-similar or has long-range dependence.
To check the self-similarity, we compute the Hurst param-
eter H of the simulated data. If H € (0.5,1), the process
has long-range dependence. There are many approaches to
estimate the Hurst parameter H (see [3] for details). Here,
the aggregate variance method is utilized. The estimating
procedure consists of three steps:

50
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Figure 2: Aggregated Traffic

times scales 2 3 4 5
estimated H | 0.7956 | 0.8035 | 0.8239 | 0.8385

Table 1: Hurst versus number of time scales

Step 1) Let n be the length of the time series {y;} under
consideration. For I = 2,3,---,n/2, divide the series
into n/l subseries of size I. For each subseries, we
calculate the sample mean {7 (!)} using the following:

kl

gk(l)=%' Z vi, k=1,2,--- (14)
i=(k—1)I+1
and compute the overall mean by
L ,
v = ;(yk(l) —y()’. (15)

Step 2) For each [, calculate the sample variance of the
sample means {gx(l),k = 1,2, - ,n/l}, that is,

n/l

Var(yt) = =g S0 -5 (16
k=1

Step 3) Plot log(%(1)) versus log(l).

Following the above procedure, the estimated Hurst pa-
rameter H = 0.9098. The computation results are plotted in
Figure 3. The upper figure represent Var(g(l)) versus ! (in
dash line) and f(I) = 1/l versus [ (solid line). The lower fig-
ure represent log(Var(g(l))) versus log(l) (in dash line) and
log(f(1)) versus log(l) (solid line). The figures show that
Var(g(l)) converges to zero with much slower rate than 1/1,
which means the simulated data are long-range dependent.

Next, we give some experimental results to illustrate the
relationships between the parameters. First, we come to see
how the number of time scales affects the Hurst parameter.
To achieve this, we fixed parameters p = 0.5,q = 0.8, A =
1,e = 0.1 and consider the cases of m = 1,2,3,4. The
results are shown in Table 1. The results show that for this
set parameters p,q, A, e, the Hurst parameter H increases
with the number of time scales. The next experiment is to
illustrate the relationship between ¢ and H. We fix p =
0.5, =0.8,m+1=3,\A =1, and compare the Hurst values
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Figure 3: Aggregated Traffic

€ 0.1 0.3 0.5 0.7
estimated H | 0.8035 | 0.5968 | 0.5152 | 0.5089

Table 2: Hurst Parameter versus ¢

with € = 0.1,0.3,0.5 and 0.7. The experimental results are
given in Table 2

Table 2 shows that for a set of given parameters p, g, A, ¢,
the Hurst parameter H decreases when ¢ increases. The
third experiment is to show the relationship between A and
H. Welet p =0.5,9g = 0.8, = 0.5,,m» = 2, and consider
A = 0.5,0.7,0.8,0.9,1.2. The results are shown in Table
3. With given p = 0.5,9 = 0.8, = 0.5,m = 2, H is not
monotone with respect to A. Instead, it may be a concave
function of .

3.3 Model Fitting

This subsection addresses how to estimate the system pa-
rameters m,p,q,\ and €. Note that the parameter m is
an integer, designating the number of time scales. So, we
can first fix m and estimate the other parameters corre-
sponding to each given m. Then, choose the best one from
the set of estimated parameters, which has the maximum
likelihood value. Let § be the maximum number of time
scales to be considered, that is, 1 < m < 3. The fitting
procedure consists of the following two steps: Step 1. For
1 < m < 5, estimate the parameters p,q, A, ¢, and denote
their estimated values by pim, Gm, Am, ém, respectively. Step
2. For all 1 < m < 5, compute the likelihood values with
parameters Pom, Gm, Am, Em, and choose the best one as the
final result.

The main task in the above procedure is the first step,
which can be divided into three substeps as follows: use the
EM algorithm to estimate the stationary distribution 7 and
parameter A; Once 7 is estimated, the second substep is to
fit parameters p, q using 7; the third substep is to estimate
E.

A 0.5 0.7 0.8 0.9 1.2

estimated H | 0.4735 | 0.5524 | 0.5762 | 0.4570 | 0.4309

Table 3: Hurst parameter H versus A

Let us consider the augmented stochastic process {(r, ¢),
t=0,1,---}. Evidently, {(r¢,z:))} is a Markov process and

{z1, 2, -- ,zn} are conditionally independent given {r1, ra,
-,7n}. In the sequel, we use f(z1, - ,ZTn,T1,- " ,Tn),
fe(z1, - ,z,) and fr(r1,- - ,7rs) to denote the likelihood

function of {(z¢,7:),1 < t < n}, {z¢,1 < t < n} and
{r¢,1 < t < n}, respectively. If f(z:|r:) is the conditional
distribution of z; given r;, by virtue of (13), we obtain

b(ze|re), ifzy>o(ry)andr #0
flzelry) = ¢ 1, ife,=0andr; =0 (17)
0, otherwise

where
(O_(Tt)A)wt—a(n)e—a(n))\
(z¢ — o(re))!

If a complete sample path of {(r:, z:)} is available, we can
apply the maximum likelihood approach directly. However,
in practice we can observe the number of packets received,
but we have no access to the state of {r:}, which means
that the sampled data are incomplete. As a result, the
maximum likelihood approach cannot be applied directly.
However, the EM algorithm (see [5] for more details) can be
applied to this problem. The EM algorithm is a very useful
interactive method for maximizing log-likelihoods which are
awkward because there are missing data. Roughly speak-
ing, the EM algorithm calculates the log-likelihood which we
would expect to see, given the current update of the maxi-
mum likelihood estimate. The next update of the maximum
likelihood estimate is obtained by maximizing this expected
log-likelihood, which is usually straightforward, as the miss-
ing data have been replaced by their expected values.

Next, we give the details of each step.

b(xi|rs) =

3.3.1 Step 1. Estimating parameters with given num-

ber of time scales
As pointed out before, this step consists of three sub-steps.
Substep 1.1. Estimate m and A. Note that in the
above model, only the stationary distribution 7 contains
parameters p, ¢, and only f(z¢|r¢) contains parameter A. So,
for simplicity, when applying the EM algorithm, we assume
the system parameters

0= (7[-(0)5 e ,TK'(M),)\).

If we assume that the states {r1,--- ,r,} are also available,
then the likelihood function of the complete-data {(r¢, ), 1 <
t < n} is given by

Lf’z(e) =f($1,$2,' o

m(re) f(ze|re) (18)

1

y Ty T1, 72,00 ar")

t

The EM algorithm consists of two steps: E-step and M-step,
which are described in the following.

The E-step finds the expected value of the complete-data
log-likelihood log(Lg (6)) with respect to the unknown data
{rt,1 <t < n} given the observed data X = {z1,--- ,zn}
and the current parameter estimations. That is, we define

(6,6") 2 E [log(L5,(9)) X, 6*] (19)

where %) = (7, \(¥)) denotes the estimated parameters
at the k'" iteration. The second step (the M-step) of the
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EM algorithm is to maximize the expectation computed in
the first step. That is, to solve the following optimization
problem

65" = argmax, ®(9, 6%) (20)

These two steps are repeated as necessary. Each iteration
is guaranteed to increase the log-likelihood and the algo-
rithm is guaranteed to converge to a local maximum of the
likelihood function.

Direct computation gives

(6,6") = E [log(m(re)) + log(f(re|o:)) 1, 6" |

t=1

=" [log(n

=0 t=1

(4)) + log(f(ilz+))] f(ilzs, 6% 21)

where
78 (@) f ()i, 6F)

k
f(ilz:,60%) = El o TE () f (2|1, 0%))

(22)

with
F(ze]i, 0%)

S (k)y2y —a (i), —a(i)A () . ] )
(2 zmz_a@ﬁ; , ifxe>0(i)andi#0

= 1, ifz; =0and =0
0, therwise

With the expectation calculated, we come to update the
parameters, that is, to solve the optimization problem (20).
To find the expression for ¥+ (), we introduce the La-
grange multiplier v with constraint Zfio 7(7) = 1, and solve
the following equation:

871-(1 ZZlog (0)f(ilae, 6%) + (Z (i) — 1):| =0(23)
1=0

=0 t=1
yielding
S L it %) 47 =0
(%) ’
t=1
or
> flwe,0%) +ym(6) = 0,0 <i < M (24)
t=1

Summing both sides of the above equation over 7 yields v =
—n, which combined with (24) yields the update estimate of
W(k+1)(,~):

LA Zf(@lmt, (25)
To find A®+1), let 228" — 0 that is,

9 [ZZ[(m ~ (0))(10B(0 () + 105()))

—Aa(i)]f(im,e’“)] —0 (26)

from which it follows that

1) _ Dimo i lwe — 0(0)]f (il 6)
S S, o(i) f(ilwe, O%)

(27)

Substep 1.2. Estimate p and q. After the EM algo-
rithm converges, we obtain the estimated values 7 and A,
denoted by 7 and A, respectively. The next step is to fit
the system parameters p,q according to o by solving the
following optimization problem

mm E

Substep 1.3 Estimate . With p,§, A available, we pro-
ceed to estimating €. Note that L;, does not contain param-
eter €. To estimate ¢ we need more information. On the
other hand, we find that only when 7 is in state 0, the ar-
rival process is in ‘OFF’ state and there is no packet arrival.
Let N denote the number of ‘0’-runs, and let &;,1 <t < N,
be the length of the ¢-th ‘0’-run. Using the Markov prop-
erty of {r:}, {:+,1 <t < N} are independent and identically
distributed random variables having the distribution

Pgr=i)=0""(1-0), i=1,2,-

#(3) — m(3))>. (28)

where

m

o= H(l —psi)

i=0

Let L2 (o) be the likelihood function of {¢;} defined by

B = 11 [0%7 (1 -0)] (29)

k=1
which contains the parameters p and €. Note that

N

Z(ﬁk —1)log(a) + Nlog(1l — o)

k=1

log(Ly) =
and

dlog(Ly) 1 i NN
0o T ;(&C 2 (1-0)
To maximize log(L% (0)), solving 2 [log(L3 (c))] = 0 yields
N
F=1— — (30)
Eiv:l €k

With p and 6 obtained, solving
m .
6= [ -pe") (31)
i=0

yields time scale parameter €.

3.3.2 Step 2. Computing the likelihood values

With parameters (Pm, Gm, A, €m), 1 < m < §, available,
we proceed to the Step 2—calculate their likelihood values
and choose the best one.

Since there is no observation to (ri,72,--- ,7,) available,
we cannot use L. Instead, we consider the likelihood func-
tion of {x1,%2, - ,Zn}, Lu(®,a,\) = fo(x1,22, - ,2s).
Upon direct computation we, we obtain

L,= Z flzs,--- ) fr(riy oy Tn)

(r1,52n)

- [Zfrm)f(mm]

 Tnlre,

Z H f(xk|Tk)ka—17(J§2)

(ra, - ,rn) k=2
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where E(m,--- z,,) TR€ANS summation for all the possible val-
ues of (rg,-++,x,). Since the underlying Markov process
is assumed to be stationary and its states are not observ-
able, that is, the observed sample path contains no ob-
servation of {r;}, we use the stationary distribution = =
(w(0),--- ,p(M)) to replace its state transition probabilities.
In this case, Ly (p,q, A) becomes

S 1 faklre)w(re)

(r1,72, ,zn) k=1

I1 (Z w(j)f(mj)) (33)

k=1 \j=0

Ln(p, q; A):

Therefore, we have

log(Ln(p;q, X)) =) _ log (Z 7r(J')f(xklj))

k=1 j=0
n M
= > log| > w(@blaxld)
k=1,23 >0 =024 >0 (i)
+No log((0)) (34)
where Ny is the number of zeros in (z1,- - ,Zx).

Now, let us summarize the above procedure as an algo-
rithm.

ALGORITHM 3.1. (Parameter Fitting Algorithm)

Step 1) For all 1 < m < 3, estimate Pm,Gm, Am; Em -

1.1) Use the EM-algorithm to estimate Tm, Am

1.2) Fit pm,dm by solving (28).

1.3) With p obtained, solve equation (31) to get énm.
Step 2) Compute the likelihood values

2.1 For all 1 < m < 3, compute the likelihood

Ln(ﬁmy(jma )‘m:ém)-
2.2 Find the optimal value

(ﬁa 4, é) =argmaac{Ln(ﬁm, Gms )\myém):
1<m<s}

To see how the above procedure works, let us work out an
example.

ExXAMPLE 3.2. We use the same routine that generates
the data of Example 3.1 to generate another set of data with
the parameters m = 3,p = 0.5,q = 0.8, A = 1, = 0.25.
Then, we estimate the system parameters using the simu-
lated data. For this purpose, we choose

O=(L L ... L)

and A9 = 0.9 and use the stop rule
max(max(r T — 70 AGFD _ xE)y <0003
When m = 3, the substep 1.1 yields
i3 =[0.1529, 0.0881706, 0.0881706, 0.0523626,
0.0881706, 0.0523626, 0.0523626, 0.0400955,

0.0881706, 0.0523626, 0.0523626, 0.0400955,
0.0523626, 0.0400955, 0.0400955, 0.0198597]

1 | 0.5920 | 0.6820 | 1.62709 X

2 | 0.5104 | 0.592 1.1837 0.218
3 | 0.484 0.790 | 0.978504 | 0.28
4 0.22 0.474 0.8828 0.829

Table 4: Estimated Parameters

m 2 3 4
108 (L(Pm, Gm, Am)) | —22885.6 | —22692.1 | —22974.8

Table 5: log-likelihood values

and A = 0.978504. Direct computation gives max (i — ) =
0.0021. Solving (28) gives p = 0.4840,4 = 0.79. Moreover,
we find in the simulated sample path there are N = 880
‘0-runs with mean & = 1.7386. So, we have & = 0.4248.
Solving (31) yields & = 0.28.

Repeat the above procedure with m = 1,2,4. Whenm =1,
equation (31) has no solution. The obtained results are given
in Table 4.

The likelihood wvalues of the above parameters are com-
puted, which are given in Table 5. Based on the results
given by Table 5 and Table 4, we conclude that the estimated
system parameters are m = 3,p = 0.484,4 = 0.790, A =
0.978504, ¢ = 0.28.

4. CONTINUOUS-TIME MODEL

4.1 Continuous-time model description

This section considers a continuous time version of the
model studied in the previous section. As before, consider a
system consisting of m+1 time scales, which are denoted by
t, L, %,---, -, where £ > 0 is a positive constant denoting
the time scale. At the ith time scale t/¢’, the packet arrival
process z;(t) is a Markov modulated Poisson process. The
underlying switching Markov process r;(t) is a two state
Markov process with state space {0, 1} and generator matrix

1
QiZgQ

-p P
where @ =
@ ( qg —q
When r;(t) = 1, the packets arrive with rate A; otherwise,
no packet arrives.

Define an augmented Markov process
re = (ro(), r1(8), -, rm(t)) -

Let A = (Xij),4,75 € {0,1,--- , M}, be the infinitesimal gen-
erator matrix of r4, and denote A(¢) = —\;;,¢=0,1,--- , M.
Then, by appropriately arranging the states, the infinitesi-
mal generator matrix of 7, can be represented by

) with p > 0, ¢ > 0 being constants.

1 1
A=A0+EA1+"'+6—mAm (35)

m+1 m+1 . . .
where A; € R %2 ),0 < j < m, are m + 1 infinites-

imal generator matrices. Let I denote the two-dimensional
identity, ® denote the Kronecker product operator, and I®™
be the Kronecker product of m Is. With these notations, A;
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can be given by

Ao=Q R I®™
A= I®Q®I®(m*1)

Ai= 7%®¢ RQ I®(m—i)

Am=I®m®Q

We assume the system is represented by

_ O'(T‘t) +’I7(’I“t), if Tt :/6 0
= { 0, otherwise (36)
where {r;} is Markov process with state space {0,1,--- , M}

and for given state ¢, 7(¢) has Poisson distribution. When
re = (io81+++im) € {0,1}™T, the arrival rate of n(r;) is
o(re) .

For example, in the case of m = 1, that is, two time scales
considered,

P ip ipl p 0
Ae 4 P-4 0 P
q _q1_ =P —gpl
0 q =q —q— 29
—Qel+ §I® Q

4.2 Parameter Fitting

Let {(J¢,T¢),t = 1,2,---} denote a sample path of {r:},
where J; denotes the state visited after the ¢-th state tran-
sition, and T; denotes the duration of staying on state J;.
By the construction of the model, {z1,---,z,} are condi-
tionally independent given {(J1,T1), -, (Jn, Tn)}. In prac-
tice, the observed data consist of a sequence of interar-
rival times T} and numbers of packets or bits observed, but
the system mode J; is not observable. So, let us assume
the underlying Markov process is stationary. Let L, =
f((Ty,z1),- -+ ,(Th,xs)) denote the likelihood function of
the observed sample path {(71,z1), - ,(Tn,zn)}. Since
{(Th, z1),- -+, (Tn,zxn)} are conditionally independent

given {Ji,---,J,}, we have

>

(J1,d2,++ ,Jn)

Xf(‘]li"' 1Jn)
= > fUe s T [T ATk )| k)
(J1,J2,,Jn) k=1

= Z f(Jla’Jn)

(J1,d2,++3dn)

f((T1:x1)7' v a(T"7$")|(J1," ' :Jn))

x [T (Tl Te) f (@il Te, Ti) (37)
k=1
where
Flak|Jx, Tk)
U IR i gy > o(Ja), Ty 0
= 1, ifzy=0and J, =0
0, otherwise

Since no observation to {J} is available and the Markov
chain {J;} is assumed to be stationary, we use the stationary
distribution [];_, n(Jx) to take the place of f(J1, -, Jn).
In this case, the likelihood becomes

n

N |

(J1,Jd2, ,Jn) k=1, >0 (1})
8 [O.(Jk))\Tk]mk*G(Tk)e*[U(Jk)ATk]]
(zr — a(re))!

[W(Jk))\(Jk)e_)‘(J’“)T’“

- S —XiTy [U(i))\Tk]“%—U(i)e—a(i)AT,c
LI (zx — o (i))!
k=1 i=0,0(i)<z) k !

Let 7 be the stationary distribution of 7, that is, # =
®(m+1 . .
W (qa p) (m+1) Note that {J;} is the jump Markov
chain of {r:}. So, we have

7 = Ondiag{\(0), -+ , \(M)} (38)

where C is a normalizing constant. The above likelihood Ly,
becomes

n M . (i) —oli
s T, 1%k a(i) ,—o(i)ATg
Lo=T[| 3 meomld@AT™ " e
k=1 | i=0,0(i)<ay, (@ = o @)

The optimization problem is to find p,q, A and £ to max-
imize Ly, or maximize log(Ly)

log(Ly) =Zlog (
k=1 i=0,0 1)<z},
[a(i))\]wk—a(i)e—a(i))\Tk
(zx — 0 (i))! )

The same procedure of fitting the discrete time model can
be developed for the continuous time model.

M

(39)

5. CONCLUDING REMARKSAND FUTURE
WORK

This paper proposed a multiple time scale Markov pro-
cess modulated Poisson process to model the Internet traffic.
In order to characterize the self-similarity of the traffic, in
the proposed model the underlying Markov processes have
many time scales, and the subsystems of different time scales
have the same statistic characteristics. For the discrete time
model, an extended EM algorithm is proposed to fit the sys-
tem parameters.

To extend the modulating Markov chain to high order
Markov chain is an interesting research direction. A dis-
crete time random process {r¢,t =1,2,---}, with r, € S =
{0,1,2,---}, is said to be a Markov chain of order w if its
probability distribution satisfying

P(regalre, - yr1) = P(regalre, -, re—w)

that is, the next step state transition depends on the past
w steps. Obviously, when w > 1, w-order Markov chain is
a natural generation to first order Markov chain, and obvi-
ously, it has longer dependence than the first order Markov
chain. So, replacing the underlying first order Markov chain
with a high order Markov chain in the model proposed in
the paper will produce a useful model.
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